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Abstract: We study the homogeneous and time dependent dynamics of the su-
pertube in diverse backgrounds. After deriving a general form of the Hamiltonian
in general background, we use a particular gauge fixing, relevant to our analysis to
derive a simpler Hamiltonian. We then study the homogeneous solutions of the equa-
tions of motion in various backgrounds and study the effective potential in detail.
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1. Introduction
The formulation of string theory in various time-dependent and cosmological back-
grounds remains as one of the most important and exciting open problems for the-
oretical physicists. In doing so, one expects a better understanding of some of the
outstanding problems and confusions of quantum gravity and cosmology. In an at-
tempt along this direction, Sen [1] proposed a rolling tachyon solution –the decay
of the unstable D-brane (brane-anti brane pair) when the tachyon rolls in the valley
into the bottom of its potential (vacuum without D-branes). It has also been argued
in [2] that the final state of such a decay process leads to a classical matter state,
with the equation of motion of a non-interacting and pressureless dust known as
’tachyon mater’ with no obvious open string excitations. These solutions, in general,
are constructed by perturbing the boundary conformal field theory that describes the
D-brane by an exact marginal deformation. The real time tachyon dynamics shows
that the effective field theory for Dirac-Born-Infeld type captures surprisingly well
many aspects of rolling tachyon solutions of full string theory. (See [3] and references
therein for a detailed review of the tachyon dynamics)
Recently, Kutasov [4, 5] gave a ’geometric realization’ of the open string tachyon,
in the form of the rolling D-brane–the time dependent dynamics of the D-brane
in the throat of NS5-branes. It has been shown that the decay process resembles
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astonishingly, that of the decay of unstable D-branes, when we restricts ourselves to
the case when the distance between the D-brane and NS5-brane is of the order of
the string length (ls). One wonders whether the above identification is an artifact
of low energy effective field theory or it can be extended to the full string theory.
This was analyzed in [6] in the form of the boundary states of the in falling D-
branes into the throat region of a stack of NS5-branes (the CHS geometry). The
electric deformation of the process has also been realized in terms of the decay of the
electrified D-brane into the NS5 throat[7, 8]. This has further been extended in [9, 10]
to the case of Dp-brane background. Later on in [11, 12], this ideas were extended to
the case of the Non-BPS probe branes and a careful analysis revealed the existence
of a symmetry (possibly broken explicitly at the Lagrangian level [13, 14]). Hence a
natural guess will be that the dynamics of the D-branes in the curved backgrounds
has a much more richer structure in the geometry and in the dynamics[15], and hence
likely to add some input in our understanding of string theory in time dependent
curved backgrounds. See ([16] - [24]) for related studies of the D-brane dynamics
and cosmological applications in various backgrounds.
In another context, the supertube[25]–the bunch of straight strings with D0-
brane blown up into a supersymmetric tubular D2-brane with electric and magnetic
field– has been instrumental in understanding black hole physics. For example, the
quantum states of a supertube counted from the direct quantization of the Born-
Infeld action near the geometrically allowed microstates with some fixed charges are
shown to be in one to one correspondence with some black holes. The stability of
this bound state is achieved by the non-zero angular momentum generated by the
Born-Infeld electric and magnetic charges. Recently the stability of the supertubes
in other curved backgrounds has also been studied in [26]. Hence in the recent surge
of studying the D-brane dynamics in various backgrounds, in connection with finding
out the time dependent solutions of string theory and tachyon dynamics, it seems
very interesting to study the dynamics of the supertube in diverse backgrounds. But
looking at the rather complicated analysis of the problem in the usual effective theory
approach, we would like to take advantage of the Hamiltonian formulation. This ap-
proach has been very instructive in investigating the D-branes in the strong coupling
limit, by formally taking the zero tension limit[27, 28], for example. By doing this we
achieve a formal Hamiltonian for the D-brane motion in curved background, and the
beauty of this formalism makes us comfortable to use the constraints of equations of
motion in appropriate ways. We try to be as general as possible in the beginning,
but while studying the motion of the tube in the background of various macroscopic
objects, we use some properties of the supergravity backgrounds relevant for studying
string theory, to make the analysis simpler.
The layout of the paper is as follows. In section-2, we start by deriving the Dirac-
Born-Infeld action using the Hamiltonian formulation. The rather complicated action
can be made simpler by making use of an appropriate gauge fixing. After deriving an
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action for the dynamics of the tube in rather general curved backgrounds, in section-
3, we focus our attention to the case of Dp-branes, NS5-branes and the fundamental
string backgrounds. We study in detail the effective potential and the motion of the
tube in the vicinity of these backgrounds generated by the macroscopic objects. We
present our conclusions in section-4.
2. Hamiltonian dynamics for Dp-brane in general background
and its gauge fixed version
This section is devoted to the formulation of the Hamiltonian formalism for Dp-
brane in general curved background. We will mainly follow the very nice analysis
presented in [27, 28]. The Dirac-Born-Infeld action for a Dp-brane in a general
bosonic background is given by the following usual form1
Sp = −τp
∫
dp+1ξe−Φ
√− detA , (2.1)
where
Aµν = γµν + Fµν , µ, ν = 0, . . . , p , (2.2)
and where τp is Dp-brane tension. The induced metric γµν and the induced field
strengths on the worldvolume Fµν are given by the following expressions
γµν = ∂µX
M∂νX
NgMN ,
Fµν = ∂µX
M∂νX
NbMN + ∂µAν − ∂νAµ . (2.3)
Where gMN(X(ξ)) , bMN(X(ξ)) ,M,N = 0, . . . , 9 are metric and NS-NS two form
field that are in general functions of the embedding coordinates XM(ξ). Let us now
calculate the conjugate momenta from (2.1)
PM(ξ) =
δS
δ∂0XM(ξ)
= −e
−Φ
2
√− detA∂νXN
(
gMN(A
−1)(ν0) + bMN (A
−1)[ν0]
)
,
πa(ξ) =
δS
δ∂0Aa(ξ)
= −e
−Φ
2
√
− detA(A−1)[a0] , a, b = 1, . . . , p ,
π0(ξ) =
δS
δ∂0A0(ξ)
= −e
−Φ
2
(
(A−1)00 − (A−1)00
)√− detA = 0 ,
(2.4)
where we have introduced the symmetric and antisymmetric form of any (p+1)×(p+1)
matrix A as
A(µν) = Aµν +Aνµ ,A[µν] = Aµν −Aνµ . (2.5)
1We do not consider the Wess-Zummino term since in the examples studied below the coupling
to Ramond-Ramond fields is not important.
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For our purpose it is useful to define the conjugate momenta ΠM as
ΠM = PM + P
aBaM = −e
−Φ
2
V
√− detAγMν(A−1)(ν0) , (2.6)
where
γMν = gMN∂X
N
ν , BaM = ∂aX
NBNM . (2.7)
Using these expressions it is easy to see that following constraints are obeyed
ΠM∂aX
M + πaFab = 0 ,
ΠMg
MNΠN + π
aγabπ
b + e−2Φτ 2p detAab = 0 ,
π0 = 0 .
(2.8)
The corresponding Hamiltonian for Dp-brane in curved background takes the follow-
ing form
H =
∫
dpξH(ξ) , (2.9)
where the Hamiltonian density (H) is given by
H = πi∂iA0 + σπ0 + ρa(ΠM∂aXM + Fabπb)
+ λ(ΠMg
MNΠN + π
aγabπ
b + e−2Φτ 2p detAab) , (2.10)
where σ, ρa and λ are Lagrange multipliers for the constraints. More precisely, the fi-
nal Hamiltonian is just the sum of constraints, in agreement with the diffeomorphism
invariance of the original Lagrangian.
2.1 Gauge fixing problem
Since the original DBI action is diffeomorphism invariant, it is convenient to use
this symmetry to reduce the number of independent equations of motions. This
procedure is commonly known as gauge fixing.
To proceed we can without loss of generality presume that the metric takes
diagonal form. Then we consider the equation of motion for XM
∂0X
M =
δH
δPM(ξ)
= ρa∂aX
M + 2λgMNΠN .
(2.11)
Usually the static gauge is imposed at the level of the action and Lagrangian. In
our case, however, we would like to perform the similar procedure at the level of
canonical equations of motion. Since in the Lagrangian formalism the static gauge is
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imposed by the constraints Xµ = ξµ , µ = 0, . . . , p, it is natural to solve the canonical
equations of motion for Xµ by the ansatz
∂0X
0 = 1 , ∂aX
b = δba , a = 1, . . . , p . (2.12)
Then the equations of motion for Xµ simplify as
Π0 =
g00
2λ
,Πa = −ρ
agaa
2λ
(No summation over a) .
(2.13)
Using these results we get
ΠM∂aX
M = −ρ
bgba
2λ
+Πs∂aX
s (2.14)
where s, r, t . . . label the directions transverse to Dp-brane. If we ignore the terms
in the Hamiltonian that enforce Gauss law constraints and the vanishing of π0 we
obtain 2
H = g00
4λ
− ρ
agabρ
b
4λ
+ ρaba + λD ,
(2.16)
where
ba = Πs∂aX
s + Fabπ
b ,
D = Πrg
rsΠs + π
aγabπ
b + e−2Φτ 2p detAab .
(2.17)
In order to enforce the variation with the Lagrange multiplies we should consider the
Dp-brane action
Sp = −
∫
dp+1ξ L (2.18)
where we express L as a Lagrange transformation of the hamiltonian density (2.16)
so that we obtain the action in the form
Sp = −
∫
dp+1ξ
(
PM∂0X
M + πa∂0A
a −H
)
(2.19)
2To see this, note that the equation of motion for A0 leads to the “Gauss law” constraints
δH
δA0(x)
= 0⇒ ∂apia = 0 (2.15)
and variation of the Hamiltonian with respect to σ implies pi0 = 0.
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Now we replace Pµ with the help of Πµ given above. Using the fact that ∂0X
µ = δµ0
we obtain an action for Ps, X
s that contains the Lagrange multipliers λ, ρa
Sp = −
∫
dp+1ξ
(
Ps∂0X
s + πa∂0Aa − πaBa0 + g00
4λ
+
ρagabρ
b
4λ
− λD − ρaba
)
.
(2.20)
Now the variation with respect to ρa implies ( remember that gab is diagonal)
ρa = 2λgabbb . (2.21)
If we then insert (2.21) back into the action we get
S = −
∫
dp+1ξ
(
Ps∂0X
s + πa∂0Aa − πaBa0 + g00
4λ
− λ(D + bagabbb)
)
. (2.22)
Now the variation with respect to λ implies
λ =
1
2
√ −g00
bagabbb +D
. (2.23)
Inserting back to the action we get finally
S = −
∫
dp+1ξ
(
Ps∂0X
s + πa∂0Aa −
√−g00
√
bagabbb +D − πaBa0
)
(2.24)
from which we obtain the Hamiltonian density for transverse variables Y s, Ps and
gauge field pa, Aa in the form
H = √−g00
√
K +ΠaBa0 ,
K = ΠrgrsΠs + πaγabπb + bagabbb + e−2Φτ 2p detAab ,
Πs = Ps + π
aBas , ba = Πs∂aX
s + Fabπ
b . (2.25)
Now we are ready, using the Hamiltonian density (2.25) to study the dynamics
of the supertube in the various supergravity background.
3. Supertube in Diverse Backgrounds
By standard treatment, the supertube in flat spacetime is the D2-brane that is
stretched in one particular direction, say z direction and that have arbitrary shape
in the transverse R8 space. In the case when we study the supertube dynamics in
the background of some macroscopic objects (Dp-branes, NS5-branes or fundamental
strings) the situation is slightly more complicated. On the other hand since these
backgrounds have generally manifest rotational invariance of the transverse R9−k
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space, where k is the spatial dimension of given objects, it is natural to simplify the
analysis by presuming that the supertube has its base in the (x8, x9)-plane 3. In this
plane we introduce the polar coordinates
x8 = R cosφ , x9 = R sinφ . (3.1)
Then the embedding coordinates areR(σ, t) , Xm , m = p+1, . . . , 7, that parameterize
the position of D2-brane in the directions transverse to given macroscopic objects
of spatial dimension p which are however transverse to the (x8, x9) plane. We also
introduce the coordinates Y u , (u, v = 2, . . . , p), where Y u parameterize the position
of supertube in the space parallel with Dp-brane. Since the B field is also zero, the
Hamiltonian for such a Dp-brane takes the form
H =
∫
dtdzdσH =
∫
dtdzdσ
[√
−g
00
√
K
]
, (3.2)
with
K = πagabπb + pRgRRpR + pmgmnpn + puguvpv + bagabbb
+ (πa∂aR)gRR(π
b∂bR) + (π
a∂aY
u)g
uv
(πb∂bY
v)
+ (πa∂aX
m)gmn(π
b∂bX
n) + e−2Φτ 22 detAab , (3.3)
and
Aab = gab + gRR ∂aR∂bR + gmn∂aX
m∂bX
n + g
uv
∂aY
u∂bY
v + F
ab
, a, b = z, φ (3.4)
with
ba = Fabπ
b + ∂aR pR + ∂aX
mpm + ∂aY
up
u
. (3.5)
Using the Hamiltonian (3.2) the equation of motions for Aa and π
a take the form
A˙a(x) =
δH
δπa(x)
=
√−g00 gabπ
b + ∂aX
mgmn(π
b∂bX
n) + ∂aY
uguv(π
b∂bY
v) + Fabg
bcbc√K ,
(3.6)
π˙a(x) = − δH
δAa(x)
= ∂c
[√−g00πagcbbb√K
]
− ∂c
[√−g00πcgabbb√K
]
+
1
2
∂c
[
e−2Φτ 22
√−g00√K (A
−1)ac detAab
]
− 1
2
∂c
[
e−2Φτ 22
√−g00√K (A
−1)ca detAab
]
.
(3.7)
3We restrict ourselves to the case of background Dp-branes with p < 5 so that the coupling of
the D2-brane to the background Ramond-Ramond field vanishes.
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Further, the equations of motion for the embedding coordinates are
R˙(x) =
δH
δpR(x)
=
√−g00√K
(
gRRpR + ∂iRg
abbb
)
,
X˙m(x) =
δH
δpm(x)
=
√−g00√K
(
gmnpn + ∂aX
mgabbb
)
,
Y˙ u(x) =
δH
δpu(x)
=
√−g00√K
(
guvpv + ∂aX
ugabbb
)
, (3.8)
while the equation of motion for pm , pu and pR are
p˙m(x) = − δH
δXm(x)
= ∂a
[√−g00√K piagmn(pib∂bXn)
]
+ ∂a
[√−g00√K e−2Φτ22 gmn∂bXn(A−1)ba detAab
]
+
δg
00
δXm
√K
2
√−g00
−
√−g
00
2
√K
(
pia
δgab
δXm
pib + pR
δgRR
δXm
pR + pn
δgno
δXm
po + pu
δguv
δXm
pv +
δ[e−2Φ]
δR
τ22 detAab
+ e−2Φτ22
[
δg
RR
δXm
(∂aR∂bR) +
δgno
δXm
(∂aX
n∂bX
o) +
δguv
δXm
(∂aY
u∂bY
v)
]
(A−1)ba detAab
)
,
(3.9)
p˙u(x) = − δH
δY u(x)
= ∂a
[√−g00√K πaguv(πb∂bY v)
]
+ ∂a
[√−g00√K e−2Φτ 22 guv∂bY v(A−1)ba detAab
]
(3.10)
and
p˙
R
(x) = − δH
δR(x)
= ∂a
[√−g
00√K pi
ag
RR
(pib∂bR)
]
+ ∂a
[√−g
00√K e
−2Φτ22 gRR∂bR(A
−1)ba detAab
]
+
δg
00
δR
√K
2
√−g00
−
√−g
00
2
√K
(
pia
δgab
δR
pib + pR
δgRR
δR
pR + pm
δgmn
δR
pn + pu
δguv
δR
pv +
δ[e−2Φ]
δR
τ22 detAab
+ e−2Φτ22
[
δg
RR
δR
(∂aR∂bR) +
δgmn
δR
(∂aX
m∂bX
n) +
δguv
δR
(∂aY
u∂bY
v)
]
(A−1)ba detAab
)
(3.11)
Note that generally the metric is function of the expression R2 + XmXm. On the
other hand thanks to the symmetry of the problem with respect to z direction it is
natural to consider the modes that are z independent. We also take the ansatz for
the gauge field in the form
F = ∂0Az(φ)dt ∧ dz +B(φ)dz ∧ dφ ,Aφ = Bz . (3.12)
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Then the matrix Aab takes the form
Aab =
(
g
zz
B
−B g
φφ
+ g
RR
(∂φR)
2 + gmn∂φX
m∂φX
n + g
uv
∂φY
u∂φY
v
)
(3.13)
so that
detAab = gzz
(
g
φφ
+ g
RR
(∂φR)
2 + gmn∂φX
m∂φX
n + g
uv
∂φY
u∂φY
v
)
+B2 (3.14)
and
(A−1)ab =
1
detA
(
g
φφ
+ g
RR
(∂φR)
2 + gmn∂φX
m∂φX
n + g
uv
∂φY
u∂φY
v B
−B g
zz
)
.
(3.15)
With this notation the equation of motion for πz takes the form
π˙z = ∂φ
[√−g
00√K g
φφ(−Bπz + ∂φXmpm + ∂φY upu)
]
+ ∂
φ
[
e−2Φτ 22
√−g
00
B√K
]
(3.16)
As it is clear from the equation above πz is generally time dependent. On the other
hand we can show that the quantity n =
∮
dφπz is conserved since
n˙ =
∮
dφπ˙z =
∮
dφ∂φ[. . .] = 0 . (3.17)
The similar case occurs for pu where p˙u(x) 6= 0
p˙u = ∂φ
[√−g00√K e−2Φτ 22 guv(∂φY v)gzz
]
(3.18)
while the the total momentum Pu is conserved
Pu ≡
∮
dφpu ⇒ P˙u =
∮
dφp˙u =
∮
dφ∂φ[(. . .)] = 0 (3.19)
To simplify further the analysis of the time dependent evolution of supertube we will
restrict ourselves to the case of homogenous fields on the worldvolume of D2-brane:
∂φR = ∂φX
m = ∂φY
u = ∂φπ = 0 (3.20)
As it is now clear from (3.18) and (3.16) πz ≡ Π and pu are conserved. On the other
hand the equation of motion for Az , Aφ are equal to
A˙z = E =
√−g00√K (gzz + g
φφB2)Π2 ,
A˙φ = 0 ,
(3.21)
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where the second equation above implies that B = ∂zAφ is conserved as well. Then
we get simple form of the Hamiltonian density H
H = √−g00
√
pRgRRpR + pmgmnpn + puguvpv +ΠgzzΠ+ bφgφφbφ + e−2Φτ
2
2 (gzzgφφ +B
2) ,
(3.22)
where
bφ = Fφzπ
z = −BΠ (3.23)
For supertube in Dp-brane background we have
g00 = −H−1/2p , gzz = H−1/2p , gφφ = H1/2p R2 ,
guv = H
−1/2
p δuv , gmn = H
1/2
p δmn , gRR = H
1/2
p ,
e−2Φ = H
p−3
2
p (3.24)
where the harmonic function for N Dp-branes is given by 4
Hp = 1 +
N
(R2 +XmXm)(7−p)/2
(3.25)
and hence the Hamiltonian density takes the form
H =
√√√√Π2
Hp
(
1 +
B2
R2
)
+
p2R
Hp
+
pmpm
Hp
+ pupu + τ 22H
p−4
2
p [R2 +B2] (3.26)
that in the static case (pu = pR = pm = 0) reduces to the Hamiltonian studied in
[26]. For letter purposes it is also useful to define conserved energy E through the
relation
E =
∮
H = 2πH ⇒ H = E
2π
. (3.27)
As it is clear from the form of the harmonic functionHp the background has SO(7−p)
symmetry in the transverse subspace labelled with coordinatesXm. Then it is natural
to simplify the analysis by restricting the dynamics of the supertube to the (x6, x7)
plane and introduce second polar coordinates as
x6 = ρ cosψ , x7 = ρ sinψ (3.28)
with corresponding metric components
gρρ = H
1/2
p , gψψ = H
1/2
p ρ
2 . (3.29)
Then the Hamiltonian density H can be written as
H =
√√√√Π2
Hp
(
1 +
B2
R2
)
+
p2R
Hp
+
p2ρ
Hp
+
p2ψ
Hpρ2
+ pupu + τ
2
2H
p−4
2
p [R2 +B2] . (3.30)
4We work in units ls = 1.
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Since the Hamiltonian does not explicitly depend on ψ we get immediately that pψ
is conserved:
p˙ψ = −δH
δψ
= 0 . (3.31)
Then the equations of motion for ρ, R take the form
R˙ =
δH
δpR
=
2πpR
HpE ,
ρ˙ =
δH
δpρ
=
2πpρ
HpE
(3.32)
On the other hand the equation of motion for p
R
, p
ρ
are much more complicated
thanks to the nontrivial dependence of H on ρ, R. In fact it is very complicated to
solve these equations in the full generality. Let us rather consider the special case
when we will study the dynamics of R only. In order to do this we should find the
stable values for ρ. Let us then consider the equation of motion for pρ
p˙ρ = − 1
2
√K
δK
δHp
δHp
δρ
+
p2ψ
ρ3Hp
√K = −
1√K
[
N(p− 7)ρ
(R2 + ρ2)(8−p)/2
δK
δHp
− p
2
ψ
ρ3Hp
]
(3.33)
We see that the momentum pρ is equal to zero for ρ = ψ = 0. The question is whether
there exist closed orbits with pψ 6= 0 for which pρ = 0. Looking at the equation
above it is clear that we find ρ as function of N , conserved momenta pu, pψ and,
most importanly, as a function of R. Then it follows that the resulting Hamiltonian
is complicated function of R. Even if it would be certainly interesting to study the
properties of supertube with nonzero pψ we will restrict ourselved in this paper to
the case of pψ = ρ = 0.
Analogously, we can consider the situation when p
R
= 0 that corresponds some
particular value of Rstat = R(N, pu, pψ, ρ) and study the time dependence of ρ. As
in the previous case we leave the study of this problem for future.
Now let us consider the case when pρ = pψ = ρ = 0. In this case the study of the
supertube dynamics reduces to the study of the time dependence of R. Then it is
natural to write the Hamiltonian density as as H =
√
p2
R
Hp
+ V where
√
V = H(p
R
=
0). Then we can write the equation of motion for R in the following form
R˙ =
1
E
√
Hp
√
E2 − (2π)2V , 2
2
R˙2 + Veff = 0 , (3.34)
where
Veff =
1
Hp
(
(2π)2V
E2 − 1
)
. (3.35)
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Then in order to obtain qualitative character of the dynamics of he supertube we use
the observation [29] that the equation given above corresponds to the conservation of
energy for massive particle with mass (m = 2) with the effective potential Veff with
total zero energy. We will be interested in two cases corresponding to p = 2, 4.
3.1 D2-brane background
In this case the effective potential takes the form
V = (R2 +B2)
(
R3
R5 +N
)
(Π2 + τ 22R
2) + pup
u (3.36)
and hence Veff is equal to
Veff =
R5
R5 +N
(
4π2
E2 (R
2 +B2)
R3
R5 +N
(Π2 + τ 22R
2) +
4π2pup
u
E2 − 1
)
. (3.37)
It is clear that the particle with zero energy can move in the interval between the
points where Veff = 0. First of all, the asymptotic behavior of Veff is as follows
Veff ≈ R
5
N
(
4π2B2Π2τ2R
3
E2 +
4π2pup
u
E2 − 1) , R→ 0 ,
Veff ≈ 4π
2
E2 R
2 , R→∞ .
(3.38)
Few comments are in order. From the above limits we can see that the potential
approaches 0 for R→ 0 from below. Then since the potential blows up for R →∞
there should exists the point RT where the potential vanishes: Veff(RT ) = 0. In
order to study the dynamics around this point we introduce the variable r through
the substitution R = r+RT and insert it to the expression for conservation of energy.
Using the fact that near the turning point we have
Veff(R) = Veff(RT ) + V
′
eff(RT )r = V
′
eff(RT )r where we have used Veff(RT ) = 0. Then
we get the equation of motion for r
r˙2 = −V ′eff(RT )r ⇒ r˙ = ±
√
−V ′eff(RT )r . (3.39)
Since V ′eff(RT ) > 0 it follows from the equation above that r should be negative.
Integrating the above equation we get
r = −1
4
(
r0 ∓
√
V ′eff(RT )t
)2
. (3.40)
if we demand that for t = 0 the particle reaches its turning point we have r0 = 0 and
hence we obtain
r = −Veff
4
t2 (3.41)
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so that for small negative t (in order to trust r ≪ 1) the particle approaches its
turning point and then it moves back.
As follows from the properties of the effective potential Veff
5 there should also
exist the point where the potential reaches its local minimum corresponding to
V ′eff (Rm) = 0. Again, if we introduce r as R = r +Rm we get
Veff(R) = Veff(Rm) +
1
2
V ′′eff(Rm)r
2 (3.42)
where Veff(Rm) ≡ A < 0 and 12V ′′eff(Rm) ≡ B > 0 and hence the conservation of
energy implies the following differential equation
dr√
1 + B
A
r2
= ±√−A. (3.43)
The above equation has a solution for r that is
r =
√
|A|
B
sin
√
Bt =
√√√√2|Veff(Rm)|
V ′′eff(Rm)
sin
√
V ′′eff(Rm)
2
t . (3.44)
In other words if we have a supertube inserted close to its local minimum posi-
tion we observe that the supertube will fluctuate around this point with harmonic
oscillations.
Finally, we will consider the case R → 0. Since now the effective potential is
given by
Veff =
R5
N
(
4π2pup
u
E2 − 1
)
, (3.45)
the time evolution equation for R is
R˙2 = −R
5
N
(
4π2pup
u
E2 − 1
)
⇒ 1
R3
=

C ∓ 3t
2
√√√√ 1
N
(
1− 4π
2pupu
E2
)

2
, C2 =
1
R30
,
(3.46)
whrere R0 is the position of supertube in time t = 0. However since we demand that
R→ 0 it is clear that the above solution is valid in case of large positive or negative
t and we obtain following assymptotic behaviour of R
R ∼ 1
t2/3
1[
9
4N
(
1− 4pi2pupu
E2
)]1/3 . (3.47)
This result shows that supertube approaches the worldvolume of N D2-branes for
t→∞.
5Namely, since the potential reaches zero for R → 0 from below and since the potential blows
up for R→∞ there should certainly exists the point where V ′
eff
(Rm) = 0.
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3.2 D4-brane background
The situation of supertube in D4-brane background is similar to the case of D2-brane
background. Namely, the potential V takes the form
V = (R2 +B2)
[
Π2R
R3 +N
+ τ 22
]
+ pup
u (3.48)
and hence the effective potential takes the form
Veff =
R3
(N +R3)
(
4π2
E2 (R
2 +B2)
[
Π2R
R3 +N
+ τ 22
]
+
4π2pup
u
E2 − 1
)
. (3.49)
from which we again obtain the asymptotic behavior
Veff ∼ R
3
N
(
4π2(B2τ 22 + p
2
u)
E2 − 1
)
, R→ 0
Veff ∼ 4π
2τ 22
E2 R ,R→∞ ,
(3.50)
Since E
2
4pi2
> (B2τ 22 + p
2
u), we see that the effective potential approaches zero in the
limit R → 0 from below. In the same way we also see that the potential blows up
for R → ∞. It then follows that the behavior of the supertube in this background
is the same as in the case of D2-brane background studied in the previous section.
Therefore we skip the details of the discussions in this case.
3.3 NS5-brane background
As the next example we will consider supertube in the background of N NS5-branes.
The metric, the dilaton and NS-NS field are
ds2 = dxµdx
µ +HNS(R)dx
mdxm ,
e2(Φ−Φ0) = HNS(R) ,
Hmnp = −ǫqmnp∂qΦ ,
(3.51)
where HNS = 1 +
N
R2
is the harmonic function in the transverse directions of N
NS5-branes. If we again restrict to the homogenous modes the Hamiltonian density
takes the form
H =
√
pR
1
HNS
pR + puguvpv +Π2 + bφ
1
R2HNS
bφ +
τ 22
HNS
(R2HNS +B2)
=
1√
N +R2
√
p2RR
2 + pupu + (N +R2 +B2)(Π2 + τ 22R
2) ,
(3.52)
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where we have used
bφ = Fφzπ
z = −BΠ (3.53)
and the fact that πz ≡ Π and pu are conserved. We must also stress that we consider
the situation when modes Xm that were defined in previous section, are not excited
and equal to zero.
Now the equation of motions take the form
A˙z = E =
√−g00√K (gzz + g
φφB2)Π2 ,
A˙φ = 0 ,
(3.54)
where the second equation above implies that B = ∂zAφ is conserved as well.
In order to study the dynamics of the radial mode we use as in the previous
sections the fact that the energy is conserved. Firstly, if we write the Hamiltonian
density as H =
√
pRgRRpR + V where
V =
1
N +R2
(
pup
u + (N +R2 +B2)(Π2 + τ 22R
2)
)
(3.55)
Now we can express pR from E = 2πH as
pR =
√
gRR
2π
√
E2 − 4π2V (3.56)
and hence the equation of motion for R˙ is
R˙ =
pRg
RR
H =
1
E√gRR
√
E2 − 4π2V
⇒ R˙2 + Veff = 0 , (3.57)
where
Veff =
1
gRR
(
4π2V
E2 − 1
)
=
R2
N +R2
(
4π2
(N +R2)E2
(
pup
u + (N +R2 +B2)(Π2 + τ 22R
2)
)
− 1
)
.
(3.58)
For small and for large R this potential reduces to
Veff ∼ R
2
N
(
4π2
E2N (pup
u + (N +B2)Π2)− 1
)
, R→ 0 ,
Veff ∼ 4π
2R2
E2 , R→∞ .
(3.59)
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Again we see that the potential Veff approaches zero for R→ 0 from below and blows
up for R→∞. Consequently we obtain the same picture of the supertube dynamics
as in the previous sections.
3.4 Macroscopic fundamental string background
In this section, we study the time dependent dynamics of the tube in the Macroscopic
fundamental string background, where the metric, dilaton and the NS-NS charge of
the F-background is given by
ds2 =
1
Hf (r)
(
−dt2 + dz2
)
+ δmndx
mdxn, B01 = H
−1
f − 1, e2Φ = H−1f , (3.60)
where Hf = 1 +
N
r6
is the harmonic function in the transverse eight-space of the N
F-strings. r denotes the spatial coordinate transverse to the macroscopic string.
Let us again consider the Hamiltonian density for D2-brane
H = √−g00
√
K +ΠaBa0 ,
K = (pr + πaBar)grs(ps + πaBas) + πaγabπb + bagabbb + e−2Φτ 22 detAab ,
ba = Πs∂aX
s + Fabπ
b .
(3.61)
The Hamiltonian density (3.61) is the starting point for our calculation where we
consider D2-brane supertube stretched in z direction and that wind φ direction in
the plane (x8, x9) in the space transverse to the fundamental string, where the modes
that parameterize the embedding of the supertube, are time dependent only:
R = R(t) , Xm = Xm(t) m = 3, . . . , 7 . (3.62)
Now thanks to the manifest rotation symmetry SO(6) of the subscpace (x3, . . . , x7)
we can restrict ourselves to the motion of supertube in (x3, x4) plane where we
introduce polar coordinates as
X3 = ρ cosψ ,X4 = ρ sinψ . (3.63)
Note also that the fact that we consider homogenous modes implies that Az and Π
are time independent.
Now the spatial matrix Aab takes the form
A =
(
gzz Bzφ
Bφz gφφ
)
=
(
H−1f B
−B R2
)
(3.64)
hence its determinant is equal to
detAab = H
−1
f R
2 +B2 , Hf = 1 +
N
(R2 + ρ2)3
. (3.65)
16
We also consider the electric flux in the z direction only πz ≡ Π so that the term
πaBaM = π
zBzM = 0 using the fact that all fields do not depend on z. In the same
way bφ = Fφzπ
z = BΠ. Now the term K takes the form
K = p2R + p2ρ +
p2ψ
ρ2
+
Π2
Hf
+
B2Π2
R2
+ τ 22 (R
2 +HfB
2) .
(3.66)
It is now easy to see that we can restrict ourselves to the motion when pρ = pψ =
ρ = 0. Then we get
K = (R
8 +B2N +B2R6)
R6
(
R6p2R
R8 +B2N +B2R6
+
Π2R4 +B +R6
N +R6
)
.
(3.67)
Then finally the Hamiltonian density takes the form
H = 1√
R6 +N
√√√√(R8 +B2N +B2R6)
(
R6p2R
R8 +B2N +B2R6
+
Π2R4 +B +R6
N +R6
)
+
ΠN
N +R6
.
(3.68)
In order to simplify notation we will write the Hamiltonian density for supertube in
Fstring background in the form
H =
√
F (R)p2R +G(R) +
ΠN
R6 +N
, (3.69)
where
F =
R6
R6 +N
,G(R) =
(R8 +R6B2 +B2N)(R6 +Π2R4 +N)
(R6 +N)2
. (3.70)
Then the differential equation for R is
R˙ =
FpR√
(. . .)
=
FpR(
E
2pi
− ΠN
R6+N
) (3.71)
where we have expressed the square root using the conserved energy E . If we also
express pR using E as
p2R =
1
F
[( E
2π
− ΠNF
R6
)2
−G
]
(3.72)
we get
R˙2 =
F 2p2R(
E
2pi
− ΠNF
R6
)2 = F(
E
2pi
− ΠNF
R6
)2
[( E
2π
− ΠNF
R6
)2
−G
]
⇒
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Veff =
F(
E
2pi
− ΠNF
R6
)2
[
G−
( E
2π
− ΠNF
R6
)2]
.
(3.73)
Now we can perform the analysis exactly in the same way as in the previous section.
Namely, the asymptotic behavior of Veff is
Veff ∼ R
6
N
1
( E
2pi
− Π)2
[
B2 −
( E
2π
−Π
)2]
, R→ 0 ,
Veff ∼ R
24π2
E2 , R→∞
(3.74)
The potential approaches zero from below for R→ 0 on condition
E
2π
> B +Π (3.75)
that is again obeyed. Consequently the analysis is the same as in the examples
studied in the previous sections.
4. Summary and Conclusion
In this paper, we have studied the time dependent dynamics of the supertube in
various backgrounds, by using the Dirac-Born-Infeld effective field theory descrip-
tion in Hamiltonian formalism. This provide yet another example of time dependent
solutions of string theory in terms of some exotic bound of various D-branes with
Born-Infeld electric and magnetic fields. The stability of these bound states in various
curved backgrounds that are discussed in the literature recently, has been very sug-
gestive in studying such dynamics and to view the trajectories of the supertube. We
adopt the Hamiltonian formalism for studying such dynamics of D-brane in general
curved backgrounds in the presence of worldvolume gauge field. By using the crucial
gauge fixing, we have studied the dynamics in Dp-brane, NS5-brane and fundamen-
tal string backgrounds and have analyzed the effective potential and the trajectory.
It would be very interesting to study some other exotic bound states of branes (e.g.
it has been argued in [30] that a string network can be blown up into a D3-brane,
the so called supertube) in general curved background. There the analysis in terms
on Hamiltonian formalism seems much more complicated, but nevertheless a doable
problem. It would also be very interesting to study the dynamics in Anti-de Sitter
(AdS) spaces, and to study the effect in the dual conformal field theory by using the
gauge-gravity duality. In the case of D-branes in AdS backgrounds, the tachyon like
radion would be spatial dependent and hence studying the dynamics ought to shed
18
light in studying the various properties of D-brane in curved backgrounds. We hope
to return one or more of these issues in near future.
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